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Abstract
The report describes the dynamic error study results of the rod resonant frequency calculation with finite element method 
using. The calculations results of the dependences between the dynamic errors and the computational grid finite elements number 
are presented in the article. It is shown that with increasing number of grid points, the error decreases and tends to the limit of 11, 
8%. The reference calculation is measured by the rod resonant frequency with acoustic method. The article also shows the results 
of dynamic stress-strain state calculation by the point sources method in three-dimensional space of a rigid body. The illustrations 
show the schema of the dynamic loads application and ways of singularities elimination by the point sources method using.
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1. Introduction
Currently the experts are forced to use approximate (numerical) methods (or their combinations) in the complex 
problems solution in solids and structural mechanics Among these methods the finite difference method and finite 
element method (FEM) are on the first place. The FEM is the most perfect tool to solve complex of  problems in 
mechanics of solids [1,2,3]. This method arises from structural mechanics and elasticity theory and then it receives
its mathematical justification. The solution of space research problems in the 1950-ies has an important role in the 
development of the finite element method. The  idea of the finite element method was developed by Soviet scientists 
in 1936, but because of the computer science immaturity in the pre-war period the method did not have further 
development.
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The FEM had a significant development in 1963 when it was proved that the FEM can be regarded as one of the 
options common in structural mechanics method, Rayleigh-Ritz, by minimizing the potential energy reduces the 
problem to a system of linear equilibrium equations. The FEM was widely applied when it was established (in 1968) 
that the equations that  define the elements in tasks  can be easily obtained by using variants of the method of 
weighted residuals, such as the Galerkin method or the least squares method. It was very significant for  the 
theoretical underpinnings of the FEM and it allowed to use it in solving many problems of differential equations.
In recent decades the FEM has taken a leading position and has been widely used. It is implemented in large 
mainframe software packages which are widely applied.
The first software packages with use of the finite element method were developed in the 60-ies. These include 
STRUDL-II, SAP-IV, NONSAP, ASKA, NASTRAN, SESAM-69 and others. Since the late 70-ies in the USSR 
there are tens of software systems, which was implemented in the finite element method, including: a MIRAGE, 
CASCADE-2, TOUGHNESS-75, FEM/20, MARS, PARSEC, LIRA, SPRINT, FEA. In recent decades, the most 
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NASTRAN, Plaxis v9, Plaxis 3D Foundation, EUFEMI, COSMOS, HERCULE, MODULEF, SAP-7, LS-DYNA, 
Multiphysics, and others.
The FEM is one of the variation methods and it is often interpreted as a method of Ritz.
The essence of the finite element method is that the region occupied by the body is divided into the finite elements. 
Mostly they are the triangles in the planar case and the tetrahedral in the space. Inside each element there are some 
shape functions that allows determining the displacement within an element at the nodes, i.e. in places of finite 
elements joints. For the coordinate functions there are the functions that are everywhere equal to zero except one end 
of the element, inside of which they have the same shape functions. After the minimization of the energy functional, 
the algebraic system of equations (called the primary system) is obtained. 
Thus, the algorithm to solve the finite element method is the same as in variation difference methods when one of 
the variation principles or methods of weighted residuals should be used to obtain  the differential equations system.
In comparison with variation-difference method, in the finite element method the functions of the form or rather 
their interpolation property are very significant.
The only difference from the FEM finite-difference Euler method is that the selected target element (plot) 
function is not necessarily replaced by a linear dependence, and it may be taken as a polynomial of higher degree 
which increases the order of approximation and allows for the breakdown of the elements to obtain higher accuracy 
(or with the same precision to choose in the area of larger elements). 
Although the first work on the finite element method were performed by specialists in structural mechanics, 
currently the finite element method is used for solving a lot of problems of mathematical physics. Not only has the 
method terminology reflected this fact, but also its primary interpretation which explains the huge popularity of the 
finite element method among designers.
This interpretation is as follows. The continuous medium is replaced by some equivalent hinge system and the 
technique of statically indeterminate articulated systems is well established in the practice of design modeling. A 
particularly popular method of movement which is similar to the method of the main system of finite element 
equations.
Given the fact that the FEM is generated as a product of the development and theoretical basis of the finite-
difference Euler method and being very distinguished, it also has certain limitations, for example: when solving 
dynamic problems of mechanics solid body, when the assessment of the current stress-strain state must be 
considered as the speed of wave propagation of mechanical stresses in the solid body, and nonlinear effects of 
reflection, refraction, diffraction, transformation of oscillation modes, and the laws of conservation of momentum 
for longitudinal and angular momentum for tangentially dynamic stresses and strains.
In this regard, the authors of this article have prepared a series of publications where they discuss the limitations 
on the application of the finite element method and finite difference method in solving dynamic problems in 
mechanics of solids [4-14]. This article studies the dynamic error of difference schemes for the numerical simulation 
of solutions in problems of mechanics of a solid body.
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2. The study of the dynamic error of the FEM
As an example, let us consider wave propagation in a semi-infinite rod in Fig.1, with the selected base length L, 
and with the longitudinal wave speed cp, which describes one-dimensional wave equation having the form:
2 2
2 2
u u
t x
w w 
w w , (1)
where u is the displacement, t=cpt`/L, u=u`/L, x=x`/L
Fig 1. Diagram of wave propagation in semi-infinite rod
This equation has the General solution
( )u f t x r , (2)
where f is the prescribed displacement at the left end of the rod.
Any smooth function, for example f, with good accuracy can be represented as a finite Fourier series
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To study the frequency characteristics of the dynamic difference schemes apply complex Fourier-fashion
( )i t kxe Z r , where ݉ - circular frequency, k is wave number. If we substitute the Fourier-fashion in equation (1), by 
(2) will not change, but the differential equation (differential approximation) varies as the amplitude (dissipation) 
and the speed of propagation of this mode (dispersion). Effect dependence on the time, the error will change in time. 
The analytical method gives, in general, the stability conditions but more intuitive as it is a direct method for 
obtaining the numerical solution, which is based on the assignment of the sinusoid on the left end of the rod and to 
assess changes in the amplitude of a given frequency and velocity.
Consider a nite-difference scheme: 
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where X - speed, u is the displacement, F,[ - system settings.
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If we substitute a complex Fourier fashion in nit-difference scheme, we obtain for the differential scheme of the 
dispersion equation in the form:
         22 2 2 21 2 sin / 2 2 sin / 2 1 0, 25 2 sin / 2i te r kh i r kh r khZ [ F [ F'    r   . (6)
Whence it follows that
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The expressions show that when rd1[, +2t2 difference scheme is stable.
Define step on a discrete grid h=1, then the minimum sine wave should be based on 5 points (see Fig.2).
If you ask the Fourier - fashion in the form: 
2sin( ) sin(2 ) sin tt t
T
SZ SQ § ·  ¨ ¸© ¹ , (9)
where ݉ - circular frequency, ஛ - frequency, T is the period.
Fig. 2. One infinite period of oscillations as frequently as possible according to the Kotelnikov theorem for T=5 and h=  ŵľĲį
Loading similar pulses to the left end of the rod and considering, for example, the computational domain is 
L=1000 units, you will solve in time until t=1250, i.e. with regard to wave propagation beyond the conventional 
boundary of the rod, using the boundary conditions do not reflect, that is, stabilization of the wave process in time, 
will receive a decision convincingly illustrate in Fig.3 virtual (not really existing) "dissipation" in amplitude AO of 
the dynamic displacements and "dispersion" of the speed of propagation of this mode finite-difference model of the 
dynamic process.
As a result of numerical simulation based dynamic error from the frequency and the propagation time of the wave 
process, it was found that the increase in the frequency or reduce the period, the amplitude decays rapidly with time 
and phase lags behind the phase of the real wave process, as shown in Fig.4. The curves of the diagram in Fig. 4 
confirm that the finite-difference methods accurately modeled are only the quasi-static approximation.
Taking in consideration the above mentioned fact it can be argued that the finite element method is not free from 
the restrictions on the dynamic error, since it is based on a finite-difference scheme, and the  increasing of the degree 
of the polynomial to reduce the residuals does not eliminate the dynamic error in the approximation of differential 
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equations, time-dependent [1,2]. In this respect, it is better to use  the  numerical methods applied dynamic theory of 
elasticity and theory of modal analysis [3] based on the formation of a grid of point sources dynamic stress or strain 
[15,16].
Fig. Virtual damped sine wave (shown by a dotted line) on the background of the real wave process
Figure 4. Growth charts of dynamic error in the period is reduced (increased frequency) and increase the propagation time of the signal
3. Conclusion
Considering the whole problem of dynamic errors of the FEM and basing on this method, and software systems, 
we can conclude that the quasi-static stress analysis of structures and the schemes of structural mechanics of the
finite element method provide high accuracy which cannot be questioned. 
However, in the calculations of the instantaneous stress-strain state of a complex mechanical vibrating systems or 
fields of the dynamic stress intensity in a heterogeneous basis method there is a significant dynamic error that, for 
example, is unacceptable in the calculation of dynamic stability of structures and systems of type "object-based" in 
the explosions or seismic shocks, and it is also unacceptable in the excitation of resonance oscillations at the primary 
resonance frequency and its higher harmonics.
In this regard, the dynamic loads modeling is recommended to perform the use of the point sources [15, 16].
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